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ABSTRACT 

In his last letter to Hardy, Ramanujan gave a list of seventeen functions F(q), where q is a complex number and 
Iqkl and called them "mock theta functions". He called them mock theta functions as they were not theta functions. He 

further stated that as q radially approaches to any point e 2 ™ r ('r' rational) there is a theta function 0 r (q)such that 
F(q) — 9 r (q) = 0(l) .Moreover there is no single theta function which works for all r i.e. for every theta function 6(q) 

, there is some root of unity "r" for which F(q) — 6(q)is unbounded as q — > e 2lt ' r radially. In this paper we obtain 

relations connecting mock theta functions, partial mock theta functions of Andrews [2] and infinite products analogous to 
the identities of Ramanujan. 

KEYWORDS: Mock Theta Functions, Partial Mock Theta Functions 
1. INTRODUCTION 

Ramanujan's last mathematical creation was his mock theta function which he discovered during the last years of 
his life. Ramanujan gave a list of seventeen mock theta functions and labelled them as third, fifth and seven orders without 
giving any reason for his classification. 

A mock theta function is a function f(q) defined by a q-series, convergent for Iqkl which satisfies the following 
two conditions : 

• For every root of unity Z, there is a 6-function 0^(q)such that the difference f(q)-0^(q)is bounded as q— >^ 
radially. 



There is no single 8-function which works for all Z, i.e. for every 8-function 6(q) there is some root of unity t, for 
which f(q)- 9(q) is unbounded as q— >^ radially. 

For mock theta function \jr,(q), 

¥i(q) = Z ; q ; < L1 > 
n= 0 (-q;q) 2 „ 

the partial mock theta function will be defined and denoted as 
_ N q" 2 

t^(-q;q) 2 „ 

(1.2) 
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The mock theta functions of Andrews [2] are 

n =o (-q;q) 2 „ 

2n 2 +2n 

wq)=Z7r— — (L4) 

n=0 \ q>q^2n+l 

2n 2 +2n( . 2\ 

| 2 2 \ ; r~ ^- 5 ) 

n=o \q ,q )„ (-q\q) 2n 

n =o \q^q)in 

Partial mock theta functions of the above mock theta functions are 

m 2n 2 

¥o, m (q) = Z ; \ 



^ (-q;q) 



2n 



m 2n 2 +2n 

^i,m(q) = Z7^— — 



n =o (-q;q) 



2n+l 



n =o [q ;q j„(-q;q) 2 



'2n 



?3, m (q) = E q " ( " q ; q) " (110) 

^ (-q;q) 2 „ 

The following q-notations have been used 
For lq k I < 1, 



(a;^l=n(i-«^>^i 

7=0 

(a;q k ) 0 =l 

(a;q k L=f[(l-aq k 0 

j=0 

(a)„ =(a;q) n 

(a p a 2 ...,a m ;q k ) n = (a i; q k ) n (a 2 ;q k ) n ...(a m ;q k ) n 
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Ramanujan, in chapter 16 of his second note book defined theta functions as follows;[18,6]: 



(q;q L 



11 ( il + l ) 

q 

n=0 



An identity due to Euler is [9,chap 17] 



n+lV 



Z / q A =(~x;qL (1.12) 



The special cases of the above identity are 



i(q)=i r +c= (qi 'f q ; ;q41 

n =olq ;q I lq;qL 

00 n n(n+l) (n n 3 n 4 • n 4 ) 

T(q)=ZrW= lq 'V { — < L14 > 
n^olq ;q j n (q;qL 

Jackson[15] discovered the following identity 

n=o(q;qj 2 „ lq ;q I 



This identity was independently discovered by Slater [19,(39)]who also discovered its companion identity 

00 2n(n+l) (_ 7 n 8. n s) 

v (q)=S 7 q -^= ' <U6 > 

S(q;q) 2 „i lq ;q J. 

The famous Roger's- Ramanujan identities are 



^(q;q) n Iq.q ;q JL 



(1.17) 



~ n(n+l) 1 

^(q;q)„ lq ,q ;q JL 

The identity analogous to the Rogers -Ramanujan identity is the so-called Gollnitz-Gordon identity given by 

[10,11] 

FU_y (-q;q 2 )nq n2 _ i n 1Q . 
^iqi-Zj - n — t\ — -7 — prn~^rn — (L19) 
^ lq ;q j n lq;q llq ;q JLw ;q t 

^-y(-^^)^ n2+2n - 1 fl2m 

VW-L 1 2. 2\ - / 3 4 5 8 \ ^- 20 ) 
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Hahn defined the septic analogues of the Roger' s-Ramanuj an functions as [13,14] 

2n 2 ( 3 4 7 7 "\ 

a W/-2jTi — ttt r~ - — n — 2i (L21) 

q ;q „ -q;q 2n q ;q I 



2n(n+l) 



_(q 2 ,q 5 ,q 7 ;q 7 ), 



vu-v q _ w »q >q q ~ no ~ 
t^lq ;q j„(-q;q) 2 „ lq ;q JL 

y( n )_V q ^q,q ,q ,q J, 

^ q ;q „l-q;q) 2 „ + i q ;q I 



The nonic analogues of Rogers-Ramanujan functions are [5,equations (1.6), (1.7), (1.8)] 

n ( n )_v vq;q) 3 „q 3n2 _(q 4 ,q 5 ,q 9 ;q 9 L n9 ,, 
n^olq ;q Uq ;q L lq ;q I 

ofa) _y(q;q) 3n (l-q 3n+2 ^ n(n+1) _(q 2 ,q 7 ,q 9 ;q 9 L 

wij-z^ — n — 3vn — n — n — rs — ( L25 ) 

^ lq ;q Uq ;q ) 2n+1 lq ;q i 

W(a)-f ^q)3„ +1 q 3nM) _(q,q 8 ,q 9 ;q 9 L 

Wlqj-2^/ 3 3\ | 3 3\ i 3 3\ ^ L26 > 

n=olq ;q j„lq ;q j 2n+1 lq ;q I 

The partial sums of the above functions are given as follows 

% m (q)=Zq 2 ( L27 > 



m _n 



L m (q) = Z ? 2 i\ ( L2g ) 

n=o lq ;q I 



n(n+l) 



T m (q)=X / 2 2\ d- 29 ) 

^ lq ;q I 

In 1 

U m (q) = X T^T" ( L3 °) 

n= 0 lq;q) 2 „ 



m 2n(n+l) 

4 



V m (q) = X T—\ d- 31 ) 

n=0 lq>q/2n+l 



q" 



^(^It^t (L32) 
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ill 

N m (q) = Z 



n(n+l) 



n =o (q;q) n 
lq ;q )„ 

(-q;q 2 U n2+2n 



n=0 



n m (q)=E 



n=0 



m 

X m (q)=I q 



6 (q 2 ;q 2 ) n (-q;q) 2 „ 



2n n+1 



Y m(q)-X I 2 2\ ( 

n =o lq ;q ]nl-q;q) 2 „ 



m 

Z m (q) = Z q 



2n n+l 



6 (q 2 ;q 2 )„(-q;q) 



2n+l 



o y-y (q;q) 3 „q 3n2 
^ lq ;q Mq ;q L 

(q;q) 3n (l-q 3n+2 )q 3nM: 



Q m (q)-X '/ 3 3n i \ / 3 — ri — 
^ lq ;q Mq ;q L + i 



w m ( q )=Z 



(q;q) 3 „ +1 q 3n(n 



+0 



£ (q 3 ;q 3 l(q 3 ;q 3 ): 

2. METHODOLOGY 



2n+l 



We shall make use of the following known identity of Srivastava [20]: 

m f °° \ f ~ \ 



m=0 r=0 



Vr=0 y Vm=0 y 



i~0 m=0 



3. RESULTS 



(1.33) 



(1.34) 



(1.35) 



(1.36) 



(1.37) 



(1.38) 



(1-39) 



(1.40) 



(1.41) 



(2.1) 



We shall make use of the known identity (2.1) to obtain relations connecting Andrews mock theta functions, 
partial mock theta functions and infinite products analogous to the identities of Ramanujan. 



Taking 8 m = q 2 in (2.1) and by (1.11) and (1.27) we get 
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(3.1) 



+ Z a r+l%m(q) 



r=0 



q" 2 

• Taking 0C r = -, r — in (3.1) and making use of (1.3) and (1.7) we get 

l-q;q) 2 



lit 



lq;q I ^ 

(3.2) 



+ 



2(r+l) 2 



Zr^ — \ — ?c m (q) 

r=o (-q;q) 



2r+2 



q 2r+2r 

• Taking 0C r = -. r in (3.1) and making use of (1.4) and (1.8) we get 

l-q;q) 2 



'2r+l 



lq;q I 



n(m+l) 

m=0 



,2(r+l)(r+2) (3 ' 3) 



+Zr — \ — % m (q) 
^(-q;q) 2 



/2r+3 



q 2r2+2r (q-q 2 ) 

• Taking a r = / ? ,\ ? \ in and makin 8 use of C 1 - 5 ) and (l-9)we get 

lq ;q h l-q;q) 2 



/2r 



(^ ¥2 (q) = £ q ^ ¥ ,„( q ) 

lq;q JL 



m(m+l) 

m=0 



■ 2(r+lKr+2) (q;q 2 ) r . 



, y q iq;q k v 
r=0 lq ;q j r+2 l-q;q)2r + 2 



q r (— q;q) 2 

• Taking 0C r — — -. r -in (3.1) and making use of (1.6) and (1.10) we get 

(q;q) 2 



Hi 



- M)V V (3 ' 5) 

r=0 Vl , 1 ) 2r +2 
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(B) Taking 8 m = j ? \ in (2.1) and by (1.13) and (1.28) we get 

w ;q L 

( 2 2 4 4\ co oo m 2 

\q ,q ,q ;q j, _y q 

r =o r m =o(q 2 ;q 2 L 

(3.6) 

m oo 
i-O i-O 



q 2r 

Taking a r = r — in (3.6) and using (1.3) and (1.7) we get 

(-q;q) 2 r 

(q 2 ,q 2 ,qWl - (a) _f q m2 ™ (a) 

(q;qL £S iq ;q L 

, B (3-7) 
+ Z r J -- r -L m (q) 

r =o l-q;q)2r + 2 



q 2r+2r 

• Taking a = r in (3.6) and using (1.4) ,(1.8) we get 

(-q;q) 2l+ i 

oo 2(r+l)(r+2) 

r =o \ q^q>2 



/2r+3 



:+2r (q;q 2 i 



• Taking 0C r = -p y — \ V' 1 /r . — in (3.6) and using (1.4) ,(1.9) we get 

lq ;q M-q;q) 2 r 

f 2 2 4 4) oo m 2 

\q;q)~ m =o\q \q L 

oo 2(r+l)(r+2)( l\ 

, y q \q>q h+i T i n \ 
r=o\q \q UA-qAhr+2 

• Taking a = ^ / in (3.6) and using (1.6) ,(1.10) we get 

(q;q) 2r 



(3.8) 



(3.9) 
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f 2 2 4 4\ oo m 2 

\q ,q ,q ,q I / x v q r \ 



r=Q W>#/2 r +2 



m(m+l) 

• Taking 8 m = -A — tt— in (2.1) and by (1.14) and (1.29) we get 

w ;q L 

in n 3 n 4 -n 4 ) ~ °° n m(m+l) 
^q,q ,q ,q = VJI 

(q;qL r=o r m=0 (q 2 ;q 2 ) m 

£a r + Xa r+1 T m (q) 

r=0 r=0 

q 2r2 

• Taking 0C r = -t c — in (3.11) and making use of (1.3) and (1.7) we arrive at 

l-q;q) 2 r 



in n 3 n 4 -n 4 \ ~ n "Am+\) 

w;#io m =o w L 



- „2( f+ l) 2 

q 2r2+2r 

• Taking 0C r = -. c in (3.11) and making use (1.4) and (1.8)we arrive at 

(-q;q) 2r+ i 



( 3 4. 4\ oo m(m+l) 

w;«L w L 



2r 2 +2r/" . 2\ 
7 I?!? /r 

• Taking CC r — -r—r — rr-7 x — m (3.11) and making use (1.5) and (1.9)we arrive at 

\q \q )\-q;qhr 



in a 3 n 4 -n 4 \ 00 n "Am+\) 

w;?L m =o w j m 



Z i 2 2 \ 7 \ — T m(q) 

r =o \q \q LA- q>qh r+ 2 



q r {-q\qf r 

• Taking OC r — — r in (3.11) and making use of (1.6) and (1.10)we arrive at 

\q;qh 



(3.10) 



(3.11) 



(3.12) 



o„ 2(r+l)(r+2) 

+ 1 f-^-T^q) (3-13) 

r=0 I q^qilr+3 



2(r+l)(r+2) 

+ > , : T (a) (3-14) 



/2r 
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[q;qh m =o \q \q L 



+£ qir 7 [ \ q;qtl T M (3A5) 

[q;q) 



2r+2 



Taking 0 m = -, r — in (2.1) and by (1.17) and (1.32) we get 

(q;q)m 

1 y a =V_9 

(q,q 4 ;q 5 l ,=o 1 m = 0 (q;q) m 

Z a . + Z«rA(q) 

l-O r=0 



q 21 

Taking 0C = -, r — in (3.16) and Making use of (1.3) and (1.7) we get 

(-q;q) 2r 



7 — r^rr Vo(q)=Z r-v Vo,m (q) 
lq>q ;q I (q;q) m 



~ 2(r+l) 2 

+ Z7^— M m (q) 

r =o l-q;q) 2r+2 



q 2r+2r 

Taking a r = 7— 7 in (3.16) and by (1.4) and (1.8) we get 

(-q;q) 2 r + i 



7 — ^-rr^ q ) = Z -r^r^M 

(q,q ;q I ^ 0 (q;q) m 



2r 2 +2rl 2 \ 

Taking Ot r —~r~2 — 2YI \ — * n (3T6) an( ^ ma ki n g use of (1-5) and (1.9) we get 

\q \q ) r \-q\q)2 



>2r 



7 — ¥2 (<?) = Z r~v ¥i, m (q) 
\q,q ;q I m=o [q;q) m 



(3.16) 



(3.17) 



2(r+l)(r+2) 

+ I ? 9 -^ r -M m (q) (3-18) 

r=0 l-q;q) 2l+3 



00 2 (r+l)(r +2 )C 2 \ 

>\ r q rM m {q) (3i9) 

,=0 \q;q ) r+ A-q^q)2r + 2 
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q r (-q;q) 2 

Taking 0C r = — r in (3.16) and making use of (1.6) and (1.10) we get 

(q;q) 2 



/2r 



\q>q \q JL m =o \q,q) m 

(</'■</) 2r+2 



m(m+l) 

Taking 8 m =j r— in (2.1) and by (1.18) and (1.33) we get 

1 n m(m+l) m 

1 y a = y q 

(q 2 >q 3 ;q 5 )„ r = 0 r m=0 (q;q) m r=0 



+ Ia r+1 N m (q) ^ 



r=0 



q 2r 

Taking 0C r — -. r — in (3.21) and making use (1.3) and (1.7) we get 

l-q;q) 2 



/2r 



? 2 3 s\ ¥o(q) = Z ^r^o, m (q) 
lq ,q ;q I ^ (q;q) m 



oo 2(r + l) 2 

+Zr^r- N m (q) (3 - 22) 

7^l-q;q) 2 



/2r+2 



q 2r+2r 

Taking 0C r = -, r in (3.21) and making use of (1.4) and (1.8) we get 

l-q;q) 2 



/2r+l 



j °° „ m(m+l) 

lq ,q ;q I (q;q) m 

j2(r+l)(r+2) 

i=o ( _ q;q) 2r +3 

2r 2 +2r( 2 \ 

Taking « r = t— | — ^ '\ in (3.21) and making use of (1.5) and (1.9) we get 

[q >v )A-K<ihr 

1 °° ^m(m+l) 

q - ,w 



+ Z / q . x N m (q) (3-23) 



f 2 3 S\ ^ 2 (g) = Z 7 \~^2, 

:,, 2( r +l)( r +2)( 

r=0 \q ,q )r + Aq,q)2r + 2 



q \q-q U\ ^, (3.24) 
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q r (-q;qY 

Taking CC r — — r in (3.21) and making use of (1.6) and (1.10) we get 

\q\qh r 

y oo m(m+l) 

t 2 3 5 \ wAq)=Y. 7 — r^mfo) 
\q >q JL m=o w;^j m 

^ +1)2 (- g;g ) 2 r+1 



/ 2 2\ ¥olqi-2j / 2 2\ ? \— Vo.mWi 

lq ;q I ^ lq ;q j m i-q;q) 2m 



oc 2(r + l) 2 

+Zr^r-x m ( q ) 

,=o l-q;q) 2 



/2r+2 



q 2r2+2r 

Taking 0C r = ^ r in (3.26) and using (1.4) and (1.8) we get 

l-q;qk + i 

(q3 ' q4 ' q7;q7) ^fa)-y ^ w fa) 

lq ;q I m =o lq ;q Ll-q;q)2m 

. 2(,-+l)(r+2) 

+ I 7 ^ r -X m (q) 

^l-q;q) 2 , + 3 

2r 2 +2rl . l\ 

q \q,q ) r 

Taking Ot r = -r— ry- 7 r — in (3.26) and using (1.5) and (1.9) we get 

\q )\-K<ih 



>2r 



( 3 4 7 7 \ 00 2m 2 

\q \q I m =o \q \q L{-q;q) 2m 



2(r+l)(r+2) 



+ s A 21 /^;- ^,y 



(3.25) 



q 21 " 2 

Taking 8 m = 7— r — ^—7 r — in (2.1) and by (1.21) and (1.36) we get 

lq ;q Ll-q;q) 2m 

( 3 4 7 7) oc 2»r 

lg ,<? ,q ,q l y a= y q 

(q 2 ;q 2 h r=o m =o [q 2 \q 2 ) m {-q;q) 2m 

r=0 r=0 

q 2r2 

Taking 0C r = -7 r — in (3.26) and using (1.3) and (1.7) we get 

l-q;q) 2r 



(3.27) 



(3.28) 



(3.29) 



/2r+2 
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q r (-q;qf 

Taking CC r — — c in (3.26) and using (1.6) and (1.10) we get 



>2r 



( 3 4 7 l\ oo 2m 2 

\q ,q ,q \q L w ( n \_ST 9 w ( n \ 



oo (r+l) 2 ( \2 



r=0 yH'Hhr+l 



2m(m+l) 

(G)Taking 8 m = — ^r— ; r — in (2.1) and by (1.22) and (1.37)we get 

lq ;q jm(-q;q) 2 



/2m 



I 2 5 7 7\ oo 2m(m+\) 

\q q ,q ;q J, y ^ = y q_ 

J L(-?;?): 



S«,+Z^fe) (3 - 31) 



r=0 r=0 



q 2r2 

Taking 0C r = y r — in (3.31) and using (1.3) and (1.7) we have 

l-q;q) 2 



/2r 



in 2 n 5 n^n 1 ) n 2m(m+l) 

W?o(q) = Z rr^n r ?o, m (q) 

lq ;q I ^ lq ;q j m l-q;q) 



+ I^^Y m ( q ) 

r=0 I q>qj2r+2 



2m 

2(r + l) 2 



q 2r2+2r 

Taking a r = j- 1 r in (3.31) and by (1.4) and (1.8)we get 

l-q;q) 2 



'2r+l 



(„ 2 „ 5 „7.„7\ oo 2m(m+l) 

lq ,q ,q q I Wl ( n \_ y q w f n \ 

q ;q i m = 0 q ;q ml-q;q) 2 m 



oo 2(r+l)(r+2) 

+ I ] 9 -^Y m ( q ) 

^l-q;q) 2 



(3.33) 



/2r+3 



q 2r2+2r (q;q 2 i 

Taking a r = t— j — r-r-r r — in (3.31) and using (1.5) and (1.9)we get 

lq ;q ] r l-q;q) 2r 



(3.32) 
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(n 2 n 5 n 7 -n 7 ) °° n 2m(m+l) 

lq i q ; q 2 \ ql ? 2 (q)=Z rr^n — r? 2 , m (q) 

lq ;q I £S lq ;q ] m l-q;q) 2m 



2(r+l)(r+2) 



(q;q 2 L 



fr^lq ;q Lil-q;q) 2 



/ 2 r+ 2 



q 1 (-q;q) 2 

Taking OC = — -. 7 in (3.31) and using (1.6) and (1.10)we get 

(q;q) 2 



>2x 



( 2 5 7 7 \ 00 2m(m+\) 

\q q ,q ;q I , x v gj , x 

I? ;? i m=o [q \q ) m \-<i><ih m 

( il 2 / ^2 (3 - 35) 

w,q) 2 



r=Q \HiH)2r+2 



2m(m+l) 

Taking 8 m = -r— — r-v— -. > in (2.1) and using (1.23) and (1.38) we g 

lq ;q U-q;q) 2 



'2m+l 



2m+l 



\q,g ,q ,q )„ y _ y <? 

r=o r m =o(q 2 ;q 2 ) m {-q;q) 

r=0 r=0 



q* 3 

Taking OC = -. r — in (3.34) and using (1.3) and (1.7)we get 

(-q;q) 2r 

(n n 6 n 7 -n 7 ) 00 n 2m(m+l) 

lq 'WW 0 (q)=£ r^fr — ^? Q , m (q) 

lq ;q I m =o lq ;q ] m l-q;q) 2m+1 

co 2 (r+l) 2 

+ Z r ^"Z m (q) 

r=o l-q;q) : 



2 r+ 2 



q 2r+2r 

Taking 0C r — -, r in (3.34) and using (1.4) and (1.8) we have 

l-q;q) 2 



/2r+l 



L n 6 n 7 - n 7 ) ~ n 2m(m+l) 

lq> WW ,(q)=£ ^¥t, m (q) 

lq ;q JL ^ lq ;q j m l-q;q) 2m+ , 



2(r+l)(r+2) 

+ Z 7 q -^Z m (q) 

f^l-q;q) 2 



/2r+3 



q 2l2+2l (q;q 2 ) 

Taking OC = -t—i — r — in (3.34) and using (1.5) and (1.9)we have 

lq ;q U-q;q) 2 



'2i 
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]3 7 L #if J -¥ I (q)=Z r^n — 5— v ta fa) 
w ;q L si w ;q U-q;q)2„.i 



.2 r+l r+2 



+ X r4 — rs / q ' q ! r+1 z m (q) 
;q Li(-q;q)2 



(3.39) 



/2r+2 



Taking a r = ^ / ^ r in (3.34) and using (1.6) and (1.10) we have 

(q;q) 2 



/2r 



(n n 6 n 7 -n 7 ^ 00 n 2m(m+l) 

lq ;q L si (q ;q i(-q;q) 2 «, + i 

^ (q;q) 2 



(3.40) 



/2r+2 



In the same way by assuming 



(-q;q 2 ) m q™ 2 q^H'^i q^fcqL 

m " (q 2 ;q 2 L ' l?VL 'fagL 'WL 'iVEEVl. 

(q;q) 3m (l-q 3m+2 )q 3m(m+1) , q 3m(m+1) (q;q) 3m+1 
(qWLlqWL. (q 3 ;q 3 ) m (q 3 ;q 3 ) : 



/2m+l 

we can obtain relation connecting Andrews mock theta functions and the infinite products E(q) , T| (q) , U(q), 
V(q),0(q),Q(q) and W(q) respectively. 

4. CONCLUSIONS 

In this paper relations connecting Andrews mock theta functions and its partial sums are obtained. Combinatorial 
interpretations of these results are under investigations and will be published later. 
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